Abstract. The cocycle bicrossed product construction allows certain freedom in producing examples of locally compact quantum groups. We give an overview of some recent examples of this kind having remarkable properties.
Introduction
The initial motivation to introduce objects which are more general than locally compact (l.c.) groups was to extend classical harmonic analysis on these groups, including the Fourier transform and the Pontrjagin duality. Given an abelian l.c. group G, the setĜ of its unitary continuous characters is again an abelian l.c. group -the dual group of G. The Fourier transform maps functions on G to functions on G, and the Pontrjagin duality theorem claims that the dual ofĜ is isomorphic to G. If G is not abelian, the set of its characters is too small, and one should use instead the setĜ of (classes of) its unitary irreducible representations and their matrix coefficients. For compact groups, this leads to the Peter-Weyl theory; the corresponding duality is due to T. Tannaka and M.G. Krein. In this case,Ĝ is not a group, but carry a structure of a block-algebra or a Krein algebra [18] ; however, this structure allows to reconstruct the initial group. Such a non-symmetric duality was later established by W.F. Stinespring for unimodular groups, and by P. Eymard and T. Tatsuuma for general l.c. groups.
In order to restore the symmetry of the duality, G.I. Kac [20] introduced in 1961 a category of ring groups. A ring group is a Hopf-von Neumann algebra (M, ∆, S), with the comultiplication ∆ : M → M ⊗ M and the involutive antipode S : M → M, S 2 = id equipped with a faithful normal trace ϕ compatible with ∆ and S and playing the role of a Haar measure. If M is commutative (resp., ∆ is co-commutative, i.e., σ • ∆ = ∆, where σ : a ⊗ b → b ⊗ a is the usual flip in M ⊗ M ), this ring group can be identified with the algebra L ∞ (G) (resp., group von Neumann algebra L(G)), where G is a unimodular group. Thus, unimodular groups and their duals are embedded into this category, and the duality constructed by Kac extended those of Pontrjagin, Tannaka-Krein and Stinespring.
The theory was completed in early 70-s by G.I. Kac and the author, and independently by M. Enock and J.-M. Schwartz, in order to cover all locally compact groups. They allowed ϕ and ϕ • S to be different weights on M playing respectively the role of left and right Haar measures (for ring groups ϕ = ϕ•S was a trace), gave appropriate axioms and extended the construction of the dual. These more general objects are called Kac algebras [15] . L.c. groups and their duals can be viewed Date: October 3, 2005. respectively as commutative and co-commutative Kac algebras, the corresponding duality covered all versions of duality for such groups.
Concrete examples of ring groups, which were neither ordinary groups nor their duals, were given in [22] - [24] . According to V.G. Drinfeld [14] , these were the first concrete examples of what is now called quantum groups.
Quantum groups discovered by V.G. Drinfeld [14] and others gave new important examples of Hopf algebras, obtained by deformation of universal enveloping algebras and of function algebras on Lie groups. Their operator algebra versions did not fit into the Kac algebra theory, because their antipodes were neither involutive, nor bounded maps. This motivated strong efforts to construct a more general theory, which would be as elegant as that of Kac algebras but would also cover these new examples. Important steps in this direction were made by: S.L. Woronowicz [53] - [60] with his theory of compact quantum groups and a series of important concrete examples of compact and non-compact quantum groups; S. Baaj and G. Skandalis [2] - [4] with their fundamental concept of a multiplicative unitary; T. Masuda, Y. Nakagami and S.L. Woronowicz [36] , [37] who gave a set of axioms of so called Woronowicz algebras; A. Van Daele [50] , [51] who introduced an important notion of a multiplier Hopf algebra. Finally, the theory of l.c. quantum groups was proposed by J. Kustermans and S. Vaes [27] - [29] .
A (von Neumann algebraic) l.c. quantum group is a collection (M, ∆, ϕ, ψ), where M is a von Neumann algebra equipped with a co-associative comultiplication ∆ : M → M ⊗M and two normal semi-finite faithful (n.s.f.) weights ϕ and ψ -right and left Haar measures. The antipode is not explicitly present in this definition, but can be constructed from the above data. Kac algebras, compact and discrete quantum groups are special cases of a l.c. quantum group, and all important concrete examples of operator algebraic quantum groups fit into this framework. There is an equivalent C * -algebraic version of a l.c. quantum group. A number of "isolated" examples of l.c. quantum groups can be formulated in terms of generators of certain Hopf * -algebras and commutation relations between them. It is much harder to represent these generators as (typically, unbounded) operators acting on a Hilbert space, to give a meaning to the relations of commutation between them, to associate an operator algebra with the above system of operators and commutation relations and to construct comultiplication, antipode and invariant weights as applications related to this algebra. There is no general approach to these highly nontrivial problems, and one must design specific methods in each specific case (see, for example, [2] , [25] , [26] , [39] , [52] , [53] - [60] ).
A systematic approach to the construction of non-trivial Kac algebras has been proposed in [21] . Given two finite groups, G 1 and G 2 , viewed as a co-commutative and a commutative Kac algebra, (L(G 1 ), ∆ 1 ) and (L ∞ (G 2 ), ∆ 2 ) respectively, let us try to find a Kac algebra (M, ∆) which makes the sequence
exact. Kac explained that: 1) (M, ∆) exists if and only if G 1 and G 2 are subgroups of a group G such that G 1 ∩ G 2 = {e} and G = G 1 G 2 . Equivalently, G 1 and G 2 must act on each other (as on sets), and these actions must be compatible in certain sense. Remark, that later on, such pairs of groups were also introduced by G.W.
Mackey [31] and by M. Takeuchi [45] . Following [45] , we will say that G 1 and G 2 form a matched pair. 2) To get all possible (M, ∆) (they are called extensions of (
), one must find all possible 2-cocycles for the above mentioned actions, compatible in certain sense. Then [21] gives explicit construction of (M, ∆) (the cocycle bicrossed product construction). The famous Kac-Paljutkin examples [22] - [24] are of this type. Later on, both algebraic and analytic aspects of this construction were studied by S. Majid [32] - [35] who gave also a number of examples of operator algebraic quantum groups. The bicrossed product construction for multiplicative unitaries was done in [3] . A general theory of extensions of the form (1), with l.c. G 1 and G 2 , has been developed in [48] (in fact, [48] treated general case, with G 1 and G 2 l.c. quantum groups, which we don't consider here).
In the recent years it became clear that this construction gives certain freedom in producing examples of l.c. compact quantum groups, see [5] - [7] , [11] - [13] , [17] , [47] - [49] . This allows to construct such examples with prescribed special features. Some of these examples have quite remarkable and unexpected properties, and we discuss them briefly here. We recall in Section 2 the basic definitions and results on the von Neumann algebraic version of the l.c. quantum group theory and the cocycle bicrossed product construction. In Section 3 we discuss the problem of regularity for a multiplicative unitary related to a l.c. quantum group and give, following [5] , a surprising example of a non-semi-regular l.c. quantum group. Section 4 is devoted to the examples of l.c. quantum groups whose von Neumann algebras are factors. Finally, we briefly discuss in Section 5 amenability and Kac exact sequence for l.c. quantum groups coming from the cocycle bicrossed product construction.
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Preliminaries

2.1.
Notations. Let us denote by B(H) the algebra of all bounded linear operators on a Hilbert space H, by ⊗ the tensor product of Hilbert spaces or von Neumann algebras and by Σ (resp., σ) the flip map on it. If H, K and L are Hilbert spaces and X ∈ B(H ⊗ L) (resp., X ∈ B(H ⊗ K), X ∈ B(K ⊗ L)), we denote by X 13 (resp., X 12 , X 23 ) the operator ( 
is a tensor product of two Hilbert spaces, we switch from the above leg-numbering notation with respect to H ⊗ K ⊗ L to the one with respect to the finer tensor product H 1 ⊗ H 2 ⊗ K ⊗ L, for example, from X 13 to X 124 . There is no confusion here, because the number of legs changes.
Given a comultiplication ∆, denote by ∆ op the opposite comultiplication σ∆. Our reference to the modular theory of weights on von Neumann algebras is [43] . Given a normal semi-finite faithful (n.s.f.) weight θ on a von Neumann algebra N , we denote:
c. groups considered in this paper supposed to be second countable.
2.2. L.c. quantum groups [27] - [29] . A pair (M, ∆) is called a (von Neumann algebraic) l.c. quantum group when
• M is a von Neumann algebra and ∆ : M → M ⊗ M is a normal and unital * -homomorphism which is coassociative: (∆ ⊗ id)∆ = (id ⊗ ∆)∆.
• There exist n.s.f. weights ϕ and ψ on M such that -ϕ is left invariant in the sense that ϕ (ω ⊗ id)∆(x) = ϕ(x)ω(1) for all x ∈ M + ϕ and ω ∈ M + * , -ψ is right invariant in the sense that ψ (id ⊗ ω)∆(x) = ψ(x)ω(1) for all x ∈ M + ψ and ω ∈ M + * . Left and right invariant weights are unique up to a positive scalar.
Represent M on the GNS Hilbert space of ϕ and define a unitary
Here, Λ denotes the canonical GNS-map for ϕ, Λ ⊗ Λ the similar map for ϕ ⊗ ϕ. 
Next, the l.c. quantum group (M, ∆) has an antipode S, which is the unique σ-strongly* closed linear map from M to M satisfying (id ⊗ ω)(W ) ∈ D(S) for all ω ∈ B(H) * and S(id ⊗ ω)(W ) = (id ⊗ ω)(W * ) and such that the elements (id ⊗ ω)(W ) form a σ-strong* core for S. S has a polar decomposition S = Rτ −i/2 , where R is an anti-automorphism of M and (τ t ) is a strongly continuous one-parameter group of automorphisms of M . We call R the unitary antipode and (τ t ) the scaling group of (M, ∆). We have σ(R ⊗ R)∆ = ∆R, so ϕR is a right invariant weight on (M, ∆) and we take ψ := ϕR.
Let us denote by (σ t ) the modular automorphism group of ϕ. There exist a number ν > 0, called the scaling constant, such that ψ σ t = ν −t ψ for all t ∈ R. Hence, we get the existence of a unique positive, self-adjoint operator δ M affiliated to M , such that σ t (δ M ) = ν t δ M for all t ∈ R and ψ = ϕ δM . The operator δ M is called the modular element of (M, ∆). If δ M = 1 we call (M, ∆) unimodular. The scaling constant can be characterized as well by the relative invariance ϕ τ t = ν −t ϕ. For the dual l.c. quantum group (M ,∆) we have :
If we turn the predual M * into a Banach algebra with product ω µ = (ω ⊗ µ)∆ and define
then λ is a homomorphism and λ(M * ) is a σ-strongly* dense subalgebra ofM . A left invariant n.s.f. weightφ onM can be constructed explicitly and the associated multiplicative unitaryŴ = ΣW * Σ. Since (M ,∆) is again a l.c. quantum group, we can introduce the antipodeŜ, the unitary antipodeR and the scaling group (τ t ) exactly as we did it for (M, ∆). Also, we can again construct the dual of (M ,∆), starting from the left invariant weightφ. The bidual l.c. quantum group (M,∆) is isomorphic to (M, ∆).
We denote by (σ t ) the modular automorphism group of the weightφ. The modular conjugations of the weights ϕ andφ will be denoted by J andĴ respectively. Then it is worthwhile to mention that
Let us mention important special cases of l.c. quantum groups. a) Kac algebras [15] . (M, ∆) is a Kac algebra if and only if (τ t ) = id and σ t R = R σ −t for all t ∈ R [15] . Let (σ ′ t ) be the modular automorphism group of ψ. Since ψ = ϕR, we get σ ′ t R = R σ −t for all t ∈ R. Hence (M, ∆) is a Kac algebra if and only if (τ t ) = id and σ ′ = σ or if and only if δ M is affiliated to the center of M . In particular, (M, ∆) is a Kac algebra if M is commutative. Then (M, ∆) is generated by a usual l.c. group
, g, h ∈ G and we integrate with respect to the left Haar measure dg on G. The right invariant weight ψ is given
is the group von Neumann algebra generated by the operators (λ g ) g∈G of the left regular representation of
2.3. Cocycle crossed and bicrossed products. An action of a l.c. quantum group (M, ∆) on a von Neumann algebra N is a normal, injective and unital * -
This generalizes the definition of an action of a l.c. group G on a (σ-finite) von Neumann algebra N , as a continuous map
and define the above homomorphism α by (α(x))(s) = α s −1 (x). The fixed point algebra of an action α is defined by N α = {x ∈ N | α(x) = 1 ⊗ x}. A cocycle for an action of a l.c. group G on a commutative von Neumann algebra N is a Borel map u :
The general definition of a cocycle action of a l.c. quantum group on a von Neumann algebra can be found in [48] . The cocycle crossed product
and for any n.s.f. weight γ on N , we can define the dual n.s.f. weightγ on G α,U ⋉ N :
Definition 2.1. (see [5] ) Let G, G 1 and G 2 be l.c. groups, and let a homomorphism i : G 1 → G and an anti-homomorphism j : G 2 → G have closed images and be homeomorphisms onto these images. Suppose that i(G 1 ) ∩ j(G 2 ) = {e} and that
Remark 2.2. The above mentioned group G is called a double crossed product of G 1 and G 2 . The definition of a matched pair of general l.c. quantum groups was given in [48] , and the double crossed product construction in this general case was studied in [7] . It is worthwhile to mention that this construction contains the famous Drinfeld double construction for quantum groups [14] .
The map θ : [5] . Hence, this data allows to construct as follows two actions:
, verifying certain compatibility relations. Let Ω be the image of θ and define the Borel isomorphism
, with complements of measure zero, and
and in that case
Let (g, s) ∈ O and t ∈ G 2 . Then (g, ts) ∈ O if and only if (β s (g), t) ∈ O and in that case
Finally, for all g ∈ G 1 and s ∈ G 2 we have (g, e) ∈ O, (e, s) ∈ O, and α g (e) = e, α e (s) = s, β s (e) = e and β e (g) = g .
This can be viewed as a definition of a matched pair of l.c. groups in terms of mutual actions.
The cocycles for the above actions can be introduced as measurable maps U :
This gives a definition of a cocycle matched pair of l.c. groups.
Fixing a cocycle matched pair of l.c. groups
On the von Neumann algebra
and denote by ϕ the dual weight of the canonical left invariant trace ϕ 2 on L ∞ (G 2 ). Then, Theorem 2.13 of [48] shows that (M, ∆) is a l.c. quantum group with ϕ as a left invariant weight, which we call the cocycle bicrossed product of G 1 and G 2 . One can also show that its scaling constant is 1. The dual l.c. quantum group is
One can get explicit formulas for the modular operators and conjugations of the left invariant weights, unitary antipodes, scaling groups and modular elements of both (M, ∆) and its dual in terms of α g , β s , the cocycles and the modular functions δ, δ 1 and δ 2 of the l.c. groups G, G 1 and G 2 . These formulas imply Remark that the conditions of this corollary are fulfilled if both groups are discrete since any discrete group is unimodular and its Haar measure is constant. Proof. The necessary and sufficient conditions for (M, ∆) to be a Kac algebra in Proposition 2.4 are independent of U and V.
Proposition 2.4. The l.c. quantum group (M, ∆) is a Kac algebra if and only if
δ i(gβ s (g) −1 ) δ 1 g −1 β s (g) δ 2 α g (s)s −1 = 1 and δ 1 β s (g) δ 1 (g) = δ 2 α g (s) δ 2 (s) .Corollary 2.7. If (G 1 , G 2 ⊂ G) is
Extensions of l.c. groups.
Recall that any normal * -homomorphism ζ : M 1 →M of l.c. quantum groups satisfying∆ζ = (ζ ⊗ ζ)∆ 1 generates two canonical actions: µ of (M 1 ,∆ 1 ) on M and θ of (M 1 ,∆ op 1 ) on M (see [48] ). On a formal level, this means that ζ gives rise to a dual morphismζ : M →M 1 and µ should be thought of as µ = (ζ ⊗ id)∆, while θ should be thought of as θ = (ζ ⊗ id)∆ op .
Definition 2.8. Let G i (i = 1, 2) be l.c. groups and let (M, ∆) be a l.c. quantum group. We call
and if η(L ∞ (G 2 )) = M θ , where θ is the canonical action of (L(G 1 ),∆ op 1 ) on M generated by the morphism ζ. Then we call (M, ∆) an extension of G 2 byĜ 1 .
The exactness of the sequence in the first, third and second term is reflected respectively by the faithfulness of η and ζ and by the formula η(
By definition, two extensions
Given a matched pair (G 1 , G 2 ⊂ G) of l.c. groups, any couple of cocycles (U, V) satisfying (2) generates as above a cleft extension
The extensions given by two pairs of cocycles (U a , V a ) and (U b , V b ), are isomorphic if and only if there exists a measurable map R from The set Γ can be given the structure of an abelian group by defining
where π(U, V) denotes the equivalence class containing the pair (U, V). The group Γ is called the group of extensions of (L ∞ (G 2 ), ∆ 2 ) by (L(G 1 ),∆ 1 ) associated with the matched pair of l.c. groups (G 1 , G 2 ⊂ G). The unit of this group corresponds to the class of cocycles cohomologous to trivial. The corresponding extension is called split extension; all other extensions are called non-trivial extensions.
3. Regularity properties 3.1. General result. As we have seen, one can associate a multiplicative unitary with any l.c. quantum group. Vice versa, Baaj and Skandalis constructed in [2] , [3] a couple of Hopf C * -algebras in duality out of a given multiplicative unitary verifying certain regularity conditions. In order to discuss these conditions for multiplicative unitaries coming from the bicrossed product construction, let us present the C * -algebraic version of the split extension (i.e., with trivial cocycles) and its dual.
Let us associate with a multiplicative unitary W acting on a Hilbert space H, three natural algebras: All W associated with Kac algebras, are regular [3] , and all W associated with known "isolated" examples of l.c. quantum groups (see Introduction), are semiregular; so it was quite a surprise to find an example of a l.c. quantum group whose multiplicative unitary is non-semi-regular (see below). If W is associated with a l.c. quantum group (M, ∆), then all [C(W )], S andŜ are a C * -algebras, and the comultiplications ∆ and∆ restrict nicely to morphisms S → M (S ⊗ S) andŜ → M (Ŝ ⊗Ŝ) respectively, where M (A) is the multiplier C * -algebra of a C * -algebra A.
If (M, ∆) is given by a bicrossed product construction out of a matched pair (G 1 , G 2 ⊂ G) of l.c. groups, then one can identify S andŜ with C 0 (G 2 \G) ⋊β G 2 and G 1α ⋉ C 0 (G/G 1 ) respectively, whereα g andβ s are the canonical continuous actions of G 1 on G/G 1 of G 2 on G 2 \G respectively (C 0 (X) denotes the C * -algebra of continuous functions vanishing at infinity on a l.c. topological space X) [5] . One can check that the measurable mutual actions α g and β s of G 1 and G 2 are the restrictions of the above canonical continuous actionsα g andβ s (topologies on G 1 and G 2 \G and, respectively, on G 2 and G/G 1 , are in general different). Now we can formulate the main result of [5] :
Theorem 3.2. The multiplicative unitary W of the bicrossed product l.c. quantum group (M, ∆) is regular if and only if the map
θ : G 1 × G 2 → G : θ(g, s) = gs is a homeomorphism of G 1 × G 2 onto G.
W is semi-regular if and only if θ is a homeomorphism of G 1 × G 2 onto an open subset of G of full measure.
We will call the corresponding matched pairs of l.c. groups regular, semi-regular and non-semi-regular, respectively. To get an example of a regular matched pair, it suffices to take G discrete or in the form of a semi-direct product of G 1 and G 2 , with closed subgroups G 1 and G 2 . In both cases the bicrossed product l.c. quantum group is a Kac algebra, due to Corollaries 2.6 and 2.5, respectively. Remark 3.3. Woronowicz [57] constructed a couple of Hopf C * -algebras in duality out of a given multiplicative unitary under certain alternative conditions of manageability. All multiplicative unitaries associated with l.c. quantum groups, are manageable. [49] . We consider Lie groups and Lie algebras over the field R or C. A matched pair of Lie groups (i.e., when G is a Lie group), is always semi-regular: The infinitesimal form of the last notion is as follows (see [35] ): Definition 3.5. We call (g 1 , g 2 ) a matched pair of Lie algebras, if there exists a Lie algebra g with Lie subalgebras g 1 and g 2 such that g = g 1 ⊕ g 2 as vector spaces.
Matched pairs of Lie groups
These conditions are equivalent [35] to the existence of a left action ⊲ : g 2 ⊗ g 1 → g 1 and a right action ⊳ : g 2 ⊗ g 1 → g 2 , so that g 1 is a left g 2 -module and g 2 is a right g 1 -module and
Two matched pairs, (g 1 , g 2 ) and (g Proof. The fact that g = g 1 ⊕ g 2 as vector spaces follows from the fact that θ is a diffeomorphism in the neighborhood of the unit element.
The converse problem, to construct a matched pair of Lie groups from a given matched pair (g 1 , g 2 ) of Lie algebras, is much more delicate. Let us start with If g is generated by [X, Y ] = Y , we either have that g 1 or g 2 equals to CY , then one of the actions is trivial and G can be constructed as semi-direct product of the connected, simply connected Lie groups of g 1 and g 2 , or both g 1 , g 2 = CY . In the latter case, there is, up to isomorphism, only one possibility, namely g 1 = CX, g 2 = C(X + Y ). Define on C \ {0} × C the Lie group with product (t, s)(t ′ , s ′ ) = (tt ′ , s + ts ′ ) .
with embeddings i(g) = (g, 0) and j(s) = (s, s − 1), we indeed get a matched pair of complex Lie groups with mutual actions
b) The real case is completely analogous.
Remark 3.8. The natural idea to take the connected, simply connected Lie group G of the corresponding g and its unique connected, closed subgroups G 1 and G 2 with tangent Lie algebras g 1 and g 2 , respectively, fails because such (G 1 , G 2 ) is not necessarily a matched pair even if dim g 1 = dim g 2 = 1. Indeed, if k = C, the connected simply connected Lie group G of g consists of all pairs (t, s) with t, s ∈ C and the product (t, s)(t ′ , s
and its closed subgroups G 1 and G 2 corresponding to the decomposition g = CX ⊕ C(X + Y ) above consist respectively of all pairs of the form (g, 0) and (s, exp(s)− 1) with g, s ∈ C. These groups do not form a matched pair because G 1 ∩ G 2 = {(2πin, 0)|n ∈ Z} = Z(G). So, it is crucial not to take G simply connected. Taking g, t, s above real, we come to the example of a matched pair of real Lie groups from [48] , Section 5.3 (see also [42] and [47] ). Here g is a real Lie algebra generated by X and Y subject to the relation [X, Y ] = Y and one considers the decomposition g = RX ⊕ R(X + Y ). Then, to get a matched pair of Lie groups, we consider G as the variety R \ {0} × R with the product (s, x)(t, y) = (st, x + sy) and embed G 1 = G 2 = R \ {0} by the formulas i(g) = (g, 0) and j(s) = (s, s − 1). Remark that here, it is impossible to take the connected component of the unity of the group of affine transformations of the real line as G, because it is easy to see that for its closed subgroups G 1 and G 2 corresponding to the above mentioned subalgebras, the set G 1 G 2 is not dense in G. The corresponding multiplicative unitary is semi-regular, but not regular.
It is even possible that for a given matched pair of Lie algebras, G 1 ∩ G 2 = {e} for any corresponding pair of Lie groups, i.e., such a matched pair of Lie algebras cannot be exponentiated to a matched pair of Lie groups. 
and its closed subgroups H 1 and H 2 corresponding to the decomposition above consist respectively of all triples of the form (t, u, 0) and (s, 0, exp(αs)−1) with t, u, s ∈ C. These groups do not form a matched pair because H 1 ∩H 2 = {( 2πin α , 0, 0)|n ∈ Z}. We claim that, if 1/α ∈ Z and if G is any complex Lie group with Lie algebra g, such that G 1 , G 2 are closed subgroups of G with tangent Lie algebras g 1 , resp. g 2 , then G 1 ∩ G 2 = {e}. Indeed, since the Lie group H is connected and simply connected, the connected component G (e) of e in G can be identified with the quotient of H by a discrete central subgroup. If α ∈ Q, the center of H is trivial, so that we can identify G (e) and H. Under this identification, the connected components of e in G 1 , G 2 agree with H 1 , H 2 . Because H 1 ∩ H 2 = {e}, our claim follows. If α = m n for m, n ∈ Z \ {0} mutually prime, the center of H consists of the elements {(2πnN, 0, 0) | N ∈ Z}. Hence, the different possible quotients of H are labeled by N ∈ Z and are given by the triples (a, u, v) ∈ C 3 , a = 0 and the product
The closed subgroups corresponding to g 1 and g 2 are given by (a, u, 0) and (b, 0, b mN − 1) with a, b, u ∈ C and a, b = 0. The intersection of both subgroups is non-trivial whenever mN = ±1. This proves our claim.
Considering now the complex Lie algebras above as real Lie algebras with generators X, iX, Y, iY, Z, iZ and the decomposition above as a decomposition of real Lie algebras, we get a matched pair of real Lie algebras which cannot be exponentiated to a matched pair of real Lie groups.
In the remaining case α = 1/n with n ∈ Z \ {0}, we can consider the Lie group G defined by Equation (4) with m = N = 1. Consider G 1 = C \ {0} × C with (a, u)(a ′ , u ′ ) = (aa ′ , u + a n u ′ ) and G 2 = C \ {0}. Writing i(a, u) = (a, u, 0) and j(v) = (v, 0, v − 1), we get a matched pair of Lie groups with mutual actions
However, any matched pair of real Lie algebras when one of them has dimension 1 and the other at most 2, can be exponentiated. [49] . The usage of 2-cocycles gives much more concrete examples of l.c. quantum groups. We first explain the infinitesimal picture, i.e. how 2-cocycles for matched pairs of Lie algebras look like, how they are related to extensions and then discuss the problem of exponentiation.
Cocycle matched pairs of Lie groups
Recall that a Lie bialgebra, according to V.G. Drinfeld, is a Lie algebra g equipped with a Lie bracket [·, ·] and a Lie cobracket δ, i.e., a linear map δ : g → g⊗g satisfying the co-anticommutativity and the co-Jacobi identity, that is:
where
are the flip maps, and [·, ·], δ are compatible in the following sense:
Any Lie algebra (respectively, Lie coalgebra, i.e., vector space dual to a Lie algebra) is a Lie bialgebra with zero Lie cobracket (respectively, zero Lie bracket). The definition of a morphism of Lie bialgebras is obvious. Given a pair of Lie algebras (g 1 , g 2 ), let look for a Lie bialgebra g such that g * 2 −→ g −→ g 1 is a short exact sequence in the category of Lie bialgebras. This means precisely that g has a sub-bialgebra with trivial bracket, which is an ideal and such that the quotient is a Lie bialgebra with trivial cobracket.
The theory of extensions in this framework has been developed in [38] and is similar to the theory of extensions of l.c. groups that we discussed above. Namely, for the existence of an extension g, it is necessary and sufficient that (g 1 , g 2 ) form a matched pair, and all extensions are bicrossed products with cocycles. We consider this theory as an infinitesimal version of the theory of extensions of Lie groups.
As we remember, for any matched pair of Lie algebras (g 1 , g 2 ), there are mutual actions ⊲ : g 2 ⊗ g 1 → g 1 and ⊳ : g 2 ⊗ g 1 → g 2 , compatible in a way explained above and such that, for all a, b ∈ g 1 , x, y ∈ g 2 , we have
The definition of a pair of 2-cocycles on such a matched pair is given in [35] , [38] . For our needs, it suffices to understand that these 2-cocycles are linear maps
verifying certain 2-cocycle equations and compatibility equations that are infinitesimal forms of equations (2) . The link between 2-cocycles on matched pairs of real Lie groups and those of real Lie algebras is given by 
for X, Y ∈ g 1 and A, B ∈ g 2 , we get a pair of cocycles on (g 1 , g 2 ).
Here ·, · is the duality between g i and g * i , and X e , Y e , A e , B e denote the partial derivatives at e in the direction of the corresponding generator. The factor −i appears because for Lie groups U and V take values in T, and for real Lie algebras we consider 2-cocycles as real linear maps.
It is clear that these 2-cocycles U form a real vector space. If one of the Lie groups is 1-dimensional, the corresponding 2-cocycle is trivial, since it can be regarded as an antisymmetric, bilinear form on the corresponding Lie algebra.
We defined above the group of extensions for a matched pair of l.c. groups (G 1 , G 2 ) using the notion of cohomologous 2-cocycles. The same can be done for a matched pair of Lie algebras [38] . Two cocycles U 1 and U 2 are called cohomologous if U 1 − U 2 is cohomologous to trivial. The quotient space of 2-cocycles modulo 2-cocycles cohomologous to trivial, with addition as the group operation, is called the group of extensions of the matched pair (g 1 , g 2 ).
In particular, the group of extensions for a matched pair of real Lie algebras of dimensions 1 and 2, is either trivial or R. To exponentiate these 2-cocycles, i.e., to construct the corresponding 2-cocycles on the level of Lie groups, is much more difficult. However, a complete classification of cocycle matched pairs of real Lie groups with dimG ≤ 3 and at most 2 was obtained in [49] ; the corresponding groups of extensions are either trivial, or R, or Z.
A series of examples of l.c. quantum groups was constructed in [11] out of cocycle matched pairs of real 2-dimensional Lie algebras by their exponentiation.
3.4. Non-semi-regular l.c. quantum groups [5] . Let A = 0 be a l.c. ring with additive Haar measure ν, and let A × be its group of invertible elements. Then A × is a l.c. group by considering it as a closed subspace {(a, b)|ab = ba = 1} of A × A, let ν × be its Haar measure. Consider the group G = {(a, x)|a ∈ A × , x ∈ A} with multiplication (a, x)(b, y) = (ab, x + ay), and its closed subgroups
The Haar measure of G is the product of ν and 
Example 3.12. In order to construct an example of a non-semi-regular matched pair, let us choose the second countable ring A in the following way. Let P be a set of prime numbers such that
Define the restricted Cartesian product of l.c. fields Q p of p-adic rational numbers relatively to the compact open subrings Z p of the corresponding p-adic integers:
It consists of sequences (x p ) ∈ Q p which eventually belong to Z p . Equipped with the usual l.c. topology, A becomes a l.c. ring such that A × has complement of measure zero and empty interior in A. The fact that A × has complement of measure zero in A follows from the Borel-Cantelli lemma: normalizing the Haar measure on Q p in such a way that Z p has measure one, observe that Z p \Z × p has measure 1 p , which assumed to be summable over p ∈ P.
Proposition 3.11 shows that the corresponding multiplicative unitary in not semiregular. It is known that the C * -algebra
4. L.c. quantum groups whose von Neumann algebras are factors
Motivation. Let L(G) be the von Neumann algebra generated by the operators λ g , g ∈ G of the left regular representation of a l.c. group G or, equivalently, by the operators of the form
. All these operators act on the Hilbert space L 2 (G, µ G ), where µ G is a left Haar measure on G. It is equipped with the canonical n.s.f. weight defined by ϕ(L f ) = f (e), for all functions from L 1 (G, µ G ) continuous in the neutral element e ∈ G. This weight is a trace if and only if G is unimodular.
If G = {e} is compact, then L(G) is a direct sum of finite dimensional full matrix algebras and cannot be a factor (i.e., a von Neumann algebra with trivial center). Indeed, in this case one of the summands corresponding to the trivial representation of G must be of dimension 1. But there exist non-compact groups G with L(G) a factor of any type, in the sense of Murray-von Neumann classification, except for a full matrix algebra of finite dimension: I ∞ , II 1 , II ∞ , III λ , where λ ∈ [0, 1] (see, for example, [19] ; the standard reference on the classification of type III factors and their invariants is [10] ). a) For the group G = R ⋊ R × -semi-direct product with natural action of R × on R by multiplication, one has L(G) ≃ B(L 2 (R × ) -the type I ∞ factor. b) Let G be a discrete countable group with all nontrivial conjugacy classes infinite, for instance, F n -the free group with n ≥ 2 generators or S ∞ -the group of permutations of the set of natural numbers such that any individual permutation permutes only finitely many numbers. Then L(G) equipped with the canonical finite trace ϕ is a type II 1 factor (see, for example, [19] ).
c) The Cartesian product of groups in a) and b) gives an example of G such that
is a non-hyperfinite type III 1 factor. Then C. Sutherland derived from this a series of examples of groups for which L(G) is a non-hyperfinite type III λ factor, for all λ ∈ [0, 1), and A. Connes constructed similar examples with hyperfinite factors, for λ ∈ (0, 1) (for all these results see [44] ). Later on, for all λ ∈ [0, 1], examples of groups G coming from number theory with L(G) a hyperfinite type III λ factor, were constructed in [9] . Moreover, one can construct such examples with specific properties of the invariant T (see [44] , [9] ). These results and certain freedom given by the bicrossed product construction in producing examples of l.c. quantum groups, allows us to ask if it is possible to construct such examples of (M, ∆) that both von Neumann algebras, M andM , are factors of all prescribed types, except for a full matrix algebra of finite dimension. Such quantum groups would be "as far as possible" from usual groups since, by definition, a factor is a von Neumann algebra with trivial center. We present below some partial results in this direction.
Since the cocycle bicrossed product construction gives
, let us look when the centers of these algebras equal to C1. If U and V are trivial, one can use the result from [41] . Recall that a borelian action θ of a l.c. group Γ on a l.c. topological space X equipped with a borelian measure µ, is called free if the stabilizer S x := {γ ∈ Γ|gx = x} equals to {e} for µ-almost all x ∈ X. For such an action, [41] Corollary 2.3 says that the center of Γ θ ⋉ L ∞ (X, µ) is a factor if and only if θ is also ergodic (i.e., the set of θ-fixed points is of measure zero). Thus, it would be interesting to find matched pairs (G 1 , G 2 ) with both actions α and β being free and ergodic (remark immediately that if G 1 (resp., G 2 ) is discrete, the relations α g (e) = e, β s (e) = e, ∀g ∈ G 1 , s ∈ G 2 show that β (resp., α) is not free).
One instance of this kind is given by matched pairs with
, where G 0 is an element of G, i.e., G 1 and G 2 are conjugated. Then [5] Prop. 3.13 says that both actions α and β are isomorphic to the action of G 2 on itself by translations which is clearly free and ergodic. Moreover, in this case both M and M are isomorphic to B(L 2 (G 2 )), i.e., are type I ∞ factors. In particular, for the matched pares introduced before Proposition 3.11, G 1 and G 2 are conjugated by the element (−1, −1). Another example ( [5] , Ex. 4.6) is as follows. Let again A = 0 be l.c. ring such that A × has complement of measure ν zero in A. Take G = GL 2 (A) and G 1 = {(a ij )} with a 11 ∈ A × , a 12 ∈ A, a 21 = 0, a 22 = 1, G 2 = {(a ij )} with a 11 = 1, a 12 = 0, a 21 ∈ A, a 22 ∈ A × . Clearly, G 1 and G 2 are conjugated. 4.2. L.c. quantum groups whose algebras are type II and type III factors [17] . Using the techniques close to that of [53] , one can show that a l.c. quantum group (M, ∆) such that M is a type II 1 factor, is necessarily a compact quantum group in the sense of [53] , so thatM is necessarily a direct sum of finite dimensional full matrix algebras and cannot be a factor (one of the summands is generated by the counit and must be of dimension 1). Thus, the case when M orM is a type II 1 factor, must be excluded from consideration.
The following examples of l.c. quantum groups whose algebras are factors, are inspired by Example 3.12. We use again second countable l.c. ring of the form
where (p n ) is now an infinite sequence of prime numbers without repetitions, its group of invertible elements
, the group G = {(a, x)|a ∈ A × , x ∈ A} with multiplication (a, x)(b, y) = (ab, x+ay), and the closed subgroup G 1 = {(a, 0)|a ∈ A × } of G. But now we choose the second closed subgroup G 2 of G in another way: G 2 = {((a n ), (b n )) ∈ G|a n + b n p n = 1, ∀n ∈ N}.
Then, checking the conditions of Theorem 3.2, one can prove that (G 1 , G 2 ⊂ G) is a matched pair of l.c. groups, which is semi-regular, but not regular. Thus, one can apply the bicrossed product construction and to get this way two l.c. compact quantum groups in duality, whose von Neumann algebras will be M = G 1 ⋉L ∞ (G 2 ) andM = G 2 ⋉ L ∞ (G 1 ). Moreover, one can show that both actions α and β are free and ergodic, so that both M andM are factors.
In order to determine their types, one constructs their explicit isomorphisms to so called infinite tensor products of type I factors, briefly, ITPFI factors (see, for example, [1] ), of the form
where ϕ n is a normal state on the type I factor B(l 2 (N)) of the form ϕ n (·) = tr(ρ n ·). Here ρ n is a positive trace class operator characterized by the decreasing sequence of its eigenvalues. In the case of our M , this sequence of eigenvalues is λ M n,k = (1 − p −1 n )p −k n , n, k ∈ N, and in the case ofM the corresponding sequence of eigenvalues λM n,k , n, k ∈ N also can be computed explicitly. Now we can use the following general result [1] :
be an ITPFI factor, where M n is a type I nν factor with n ν ∈ N ∪ {∞}, and let ϕ n be a normal state on M n of the form ϕ n (·) = tr(ρ n ·). Here ρ n is a positive trace class operator characterized by the decreasing sequence of its eigenvalues λ ni , i = 1, 2, ..., n ν . Then: Comparing the above mentioned sequences of eigenvalues λ M n,k and λM n,k , n, k ∈ N, with conditions of Proposition 4.1 and using the results of [9] , one gets the following the results obtained on the Lie algebra level, as it was explained in Section 3. But this last operation is quite non-trivial, and it was precisely justified only in [6] .
L is of type I if and only if
Σ n |1 − λ n1 | < +∞.
L is of type II if and only if
Remark 5.4. a) A cohomology theory for extensions of Lie algebras was developed by A. Masuoka in [38] .
b) An example of calculation of the group of extensions for a matched pair of l.c. groups via the Kac measurable cohomology can be found in [12] .
